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Structural Analysis of Pneumatic Envelopes: Variational
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Large super-light structural systems that for functional reasons require large surfaces are composed at least
in part of structural membranes. The underconstrained nature of such structural membranes poses analytical
challenges, but also provides design opportunities that are not commonly found in other structural systems that
require the arsenal of solid-mechanics analytical tools for the assessment of design validity and performance.
Overcoming some of the challenges that are posed by the underconstrained nature of such systems is an important
ingredient in the development process for gossamer spacecraft. Our approach is a variational formulation of the
analytical problem in conjunction with optimization techniques in the solution process. The optimization-based
solution process avoids convergence problems that are encountered in the implicit solution process of finite element
formulations of these underconstrained structures. To illustrate our approach, we carry out a structural analysis of
a pumpkin balloon. Our formulation incorporates wrinkling of the balloon film and structural lack of fit between
the skin and the tendon in the unloaded, that is, unstrained, structure. Our results on pumpkin balloons suggest
the possibility of similar success if our methods are applied to other pneumatic envelopes.

Nomenclature
&, = gravitational potential energy of the film
Ep = hydrostatic pressure potential energy
Er = total energy of the balloon system
& = gravitational potential energy of the load tendons
&op = gravitational potential energy of the top fitting
Gr = flatunstrainedreference configuration

(natural state) of the pumpkin gore

Gr = ideal doubly curved pumpkin gore
n, = number of goresin a complete shape
rp = bulgeradius of ideal pumpkin gore
S = complete balloon shape

S; = strainenergy of balloon film

S, = strainenergy of the load tendons

T = trianglein a discretizationof G

T = trianglein a discretization of G

YV = volume of balloon S

¢, = loadtendon slackness parameter

wo, = targetvolume for an energy minimizing shape

when a volume constraintis imposed

I. Introduction

HERE is a desire in the scientific community to have large-
scale, long-duration, high-altitude platforms, which have a
load-carrying capacity of current zero-pressure balloons. At mid-
latitudes zero-pressureballoons are only suitable for short-duration
flights. Current long-duration balloons are spherical superpressure
designs with a load-carrying capacity that is about 70 times less
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than that of current zero-pressure balloons. In response to requests
by the scientific community, NASA’s scientific balloon programem-
barked on the developmentof a high-altitudeplatform that can meet
the new needs of that community. This effort led to considering
a balloon design that has been discussed since the 1970s but that
has only been subjected to analytical treatment since 1998. Various
researchers have referred to this design as the pumpkin-shapedbal-
loon (see Fig. 1). The pumpkindesignis a significant departure from
the zero-pressure balloon that has been the workhorse for NASA’s
large scientific balloon program since the 1970s. For this reason it
is necessary to develop new tools for the analysis of this new class
of shapes. The pumpkin balloon involves a totally different geome-
try for the balloon shape (as compared to past balloon designs) and
a structural lack of fit between the film and load tendons, which
enables the pumpkin balloon to meet the requirements for a long-
duration balloon platform. The zero-pressure, superpressure, and
pumpkin balloon designs are discussed further in Sec. II.

Smalley' performed some tests on small-scale pumpkin balloons
that relied on the elastic properties of the tendons and skin only. He
demonstrated improved performance in a qualitative manner only,
using very stiff tendons and relatively compliant skin. The French
space agency Centre National d’Etudes Spatiales performed some
tests on small-scale pumpkin balloons in the late 1970s.? In either
case, lack of scalable quantitative assessment appears to have pre-
vented more seriousconsiderationof service size pumpkinballoons.
In 1998, Yajima® experimented with small-scale pumpkin type bal-
loons in which he provided enough skin to allow circular bulging
of the unstressed skin between the tendons. He shortened the ten-
dons relative to the gore seams to achieve near circular bulging of
the gores from tendon to tendon in the loaded configuration, but no
quantitative assessment was provided. The second author* pursued
the same idea by analytical means. A parametric study of a large
number of designs explored those design aspects that lead to the
lowest peak stresses in the skin. The results of Ref. 4 demonstrated
thatthe film strengthrequirementdiminished with increasing tendon
stiffness. (We include similar parametric studies that demonstrate
this as well.) It was easy to deduce that foreshorteningof the tendon
can substitute for tendon stiffness.

The pumpkin balloon design option, even when limited to a par-
ticular mission scenario, is not a single design, but rather it is a
large class of design shapes in which material options and fabri-
cation parameters can be chosen to arrive at an efficacious design.
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Fig. 1 Pumpkin-shaped balloon.

The basic idea is a design in which fabrication parameters and the
matching of material properties of the pneumatic envelopeand of its
reinforcing tendons are chosen so as to control the load paths, rather
than fixing a design without forethought and then accepting stress
distributions in the structure as a natural outcome. Other than end
fittings, the structural system of the pumpkin balloon comprises the
skin, whichis also the gas barrier,and the load tendons. The skincar-
ries the pressure load in the hoop-wise direction over a small radius
arc to the tendons, and it can also carry some load in the meridional
direction. The load tendons are one-dimensionalstructuralelements
that provide the bulk of the global pressure confining strength. In a
design in which the division of load-carrying functionsis complete,
the film does not participate in meridional load transfer.

In general, using an implicit solver for determining the load re-
sponse of pneumatic envelopes is hampered by severe difficulties
as a result of the underconstrained nature of the structural system.
In performing the analyses in Ref. 4, very small artificial bend-
ing stiffness was introduced to enable convergence. Two analyses
with artificial bending stiffness differing by nearly a decade were
compared to ensure that the membrane solution was not unduly af-
fected by this artifice. The addition of the tension field feature and
the initial unstrained wrinkled state further worsen the convergence
performance of these analyses. The tension field feature, which is
introducedviaanonlinearmaterial model is of particularconcernbe-
causein the transitionzone from membrane to tension field behavior
togglingbetween element statesis likely to ensue because truncated
response function series can, in general, not mimic vastly different
responses within the same element. To avoid toggling, which is a se-
rious impediment to convergence, it is necessary to choose reduced
integrationpointelements, which have the inherentproblem of hour-
glassing. Experimentation with hourglass control was necessary to
complete the study. In the present work we triangulate the balloon
surface, utilizing a linear isotropic stress-strainrelation with a con-
stant strain model. All integrals over the faceted balloon surface are
evaluated exactly in terms of the nodal coordinates of the triangles.
The gradient of the total balloon energy is computed analytically,
aiding convergence of our method. No convergence problems were
encountered in the numerical solutions that are presented here. This
paper introduces a different analytical approach to the analysis of
pneumatic envelopesin general and pumpkin balloons specifically.
This type of approach has been applied successfully to the analysis
of strained zero-pressure natural shape balloons by the first author
and his collaborators’~’

In the present work we consider conditions where the pumpkin
balloon is fully deployed. We expect wrinkling to occur, but we do
not expect large-scale folds of excess film. A. C. Pipkin’s method
of energy relaxation methods to model membrane wrinkling® was
adapted to balloon applications by Collier.” The energy relax-
ation approach fits naturally into the variational formulation and
optimization-based solution process and was applied to spool-like
and ascent configurations of large scientific balloonsin Ref. 5. The
previous work® assumed there was no slacknessin the load tendons.
In this paper we modify the model presented in Ref. 5 so that it can
accommodate the pumpkin balloon, including a doubly curved gore
design, and a structural lack of fit between the tendon and gore.

We formulate a variational principle for the energy of the bal-
loon system and use a standard constrained minimization scheme
to determine a solution of a rather difficult nonlinear membrane
mechanics problem. We demonstrate that such degenerate material
response as tension field response, and excess unstrained material
in the unloaded configuration and the concomitant structural lack of
fit, can be modeled in a natural way with this formulation by using
energy relaxation.

II. Pumpkin Design Shape

Before describing the pumpkin design, we first discuss the so-
called natural shape, a design that is obtained from equilibrium
considerationsalone by requiring that the global confinement of the
gas bubble and the carrying of the structural weight of the system be
accomplished by a meridional force system. For the shape-finding
problem hoop-wise confinement stresses are assumed to be non-
existent in the natural shape. When the differential pressure at the
base of the balloonis zero, we refer to the correspondingdesign as a
zero-pressurenatural shape balloon. If the differential pressureat the
base is greater than zero, we refer to the correspondingdesign as a
superpressurenatural shape balloon.In the designs that we consider,
the naturalshapeis determinedforasignificantinternal overpressure
that dominates the buoyant pressure component. This is typical of
the so-called superpressure balloons, which are capable of float-
altitude keeping at midlatitudes without the need of ballasting over
a diurnal cycle.

We will consider two types of gore shapes in this paper. One gore
shape is obtained by spanning the unstrained gore exactly between
two adjacent tendon trajectories that follow the natural shape (see
Ref. 9 for more on the natural shape). In this configuration the gore
forms a developable surface. The other gore shape generates the
pumpkin balloon and is obtained by prescribing outward bulging
of the unstrained gore between adjacent tendon trajectories. The
bulging surface that spans adjacent tendons has positive Gaussian
curvature in the pumpkin balloon. To achieve this general shape
with an unstrained flat sheet, the sheet must be allowed to wrinkle.
In Sec. V.C these two gore shapes are each paired with tendons
of varying amounts of slackness (negative slackness corresponds
to tendon shortening). The pumpkin design considered in Sec. V.C
was the same as the one used for a NASA Ultra-Long Duration
Balloon (ULDB) that was flown in 2001. We also consider several
other parametric studies related to the pumpkin balloon, including
variations of the bulge radius and number of gores.

Gore designs that use developable surfaces are typical of cur-
rentso-called zero-pressurenatural shape balloons. Generally, these
zero-pressureballoonshave load tendons, leading to strained shapes
with nonzero hoop stresses and violating the underlying assump-
tions of the shape-finding process for the so-called natural shape.
By contrast, designs with shortened tendons, and in particular those
that in addition have gores that are designed with initial positive
Gaussian curvature, lead to a strained shape that might at leastin an
approximate sense satisfy the design shape assumptions.

To demonstrate parameter sensitivity in the pumpkin balloon
problem, we carried out a number of numerical studies. In one case
we fix the bulge radius and vary the number of gores n, (see Para-
metric Study A in Sec. V.A). We consider balloons with 220, 290,
and 400 gores. If the bulge radius is too small for a given n,, there
might be insufficient material to span the tendons, and a pumpkin
balloon design might not exist. In Parametric Study B in Sec. V.B,
we fix the number of gores and vary the bulge radius rz. We con-
sider pumpkin balloons with 290 gores, and rz =0.66, 0.78, 0.90,
and 1.20. In Parametric Study C in Sec. V.C, we fix the number of
gores and bulgeradius and vary a parameter (¢, ) that controls tendon
slackness (that is, tendon/film mismatch).

Theoretically, the more efficient pumpkin gore designis obtained
with a constant bulge radius because the skin is nearly equally
stressed over the entire gore length. However, in the presence of
manufacturing imperfections a local gore-width shortfall, although
harmless near the equator, can produce a disastrous stress raiser
near the gore ends. Therefore, the initial design with constantbulge
radius was modified by an addition of some constant gore width
over the entire gore length for NASA’s ULDB (used in Parametric
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Table 1 Default design parameters and related
constants for ¢; studies

Description Variable Value
Weight of top fitting Wrop 831N
Cap weight density We 0.18387 N/m?
Film weight density wy 0.3440 N/m?
Young’s modulus E 404.2 MPa
Poisson ratio v 0.825
Film thickness h 38.1 um
Tendon weight density wy 0.094 N/m
Tendon stiffness K, 0.651 MN
Payload Lpot 20,393 N
Design specific buoyancy b 0.0763 N/m3
Number of gores ng 290
Cap length I 49.45m
Constant pressure Po 135 Pa
Target volume o 0.5215Mm?
Length of curved gore edge Ly 152.034 m
Gore length (center gore) L, 152.027 m
Length of pumpkin generator L, 150.023 m
Length of tendon (before tensioning) L, 147.573 m
Length of tendon (after tensioning) L, 148.744 m

Study C in Sec. V.C; see Table 1 for design parameters). The latter
provisionhardly changes the bulge radius near the equator, but it re-
duces the bulge radius progressively as the gore station approaches
the vertical axis of the balloon.

To demonstrate the effectiveness of a pumpkin shape design, we
carried out stress analyses on six balloon designs in Parametric
Study C. Three designs use a gore that in its unstrained state forms
a developable surface spanning two adjacent tendon trajectories,
and three designs in which sufficient gore-width and gore-length
are supplied to allow circular arc bulging between the tendons. The
latter, we refer to as pumpkin-shape balloons and the former as
standard natural-shape balloons. We will consider the following
scenarios: (C1) a standard natural-shape balloon with 2.99% ten-
don slackness; (C2) a standard natural-shape balloon with tendon
length matching the gore seam length; (C3) a standard natural-shape
balloon with 2.22% shortening of the tendon relative to the gore
seam; (C4) a pumpkin-shapeballoon with 2.99% tendon slackness;
(C5) apumpkin-shapeballoon with tendon length matching the gore
seam length; and (C6) a pumpkin-shape balloon with 2.22% short-
ening of the tendon relative to the gore seam. In Parametric Studies
A and B tendons were shortened by 2.22% in all cases.

A baseline superpressure natural-shape balloon profile based on
a volume of 521,500 m*> was generated for comparison with the
pumpkin balloon. In Parametric Studies A and B the specific buoy-
ancy b, rp, and the payload are slightly higher. For design purposes
we assumed that a 0.8-mil polyethylenecap covered the top portion
of the balloon. However, in our stress analysis we assumed that the
balloon skin was a single layer of 1.5-mil polyethylene.

Next, we define anideal doubly curved pumpkin gore. The pump-
kin gore can be parameterized as a tubular surface (see Ref. 10,
p.89).Let a(s) =[R,(s5),0, Z,(s)] for0 <s < L, be a generating
curve for the tubularsurface, where s is arc length [i.e., |a/(s)| = 1].
When n, is large, a roughly follows the shape of the generating
curve for a natural shape. For convenience, we assume « lies in the
xz plane. The ideal pumpkin gore is a subset of a tubular surface
defined by the following map:

x(s,v) = a(s) + rp[jsinv — b(s) cosv] @9)]

where —v,, (s) <v <v,,(5),0<s <L, b(s) is the inward normal
to a(s), and v,, (s) is determined so that

y(s, Uy (s)) = tan(n/ng)x(s, Uy (s))

where x(s,v)=x(s,v) - i and y(s,v)=x(s,v) -j (Fig. 2).
Because the gore is symmetric, the lower bound for v is —v,, (s). A
unit tangent to ac(s) ist(s) = &/ (s) and¢ x b =j = (0, 1, 0). It can
be shown that

ox
a (s,v) = g(s, v) = K(s), —rp(s) < v <rg(s)

Fig. 3 Flat reference configuration
(gore pattern).

and that
ox ox .
ay(5,0) = —(s5,0) / |=—(,0)|=j
ov ov

(Fig. 2). We define the ideal three-dimensional pumpkin gore to be
the set

Gr ={(x,y,2) =x(s5,v), (5,v) € Q) @

where the parameter space Q2 is given by
SZF={(S, v)|0<s<L,,,—v,B(s)<v<v,B(s)} 3)
Correspondingto G, we define the flat reference configuration by
Gr={(Y,2)|Y =rpv, Z=2.(5),(s,v) €Qr} (4

where Z.(s) is measured down the center of the gore [i.e.,
Z.(L,)=L.]. The gore seam length is denoted by L,. The ten-
don length is denoted by L, (Fig. 3).

Remark: As mentioned earlier, the nominal gore design of fixed
bulgeradius was modified by a small constant width addition for the
¢, studies. This in fact causes the effectivebulge radius to vary along
the gore length and to become increasingly smaller toward the gore
ends. We can take these alterations into account by appropriately
modifying G . The flat reference configuration G used in our
analysisof pumpkin shapesin Parametric Study C is the gore pattern
that was used in the constructionof an ultra-long-durationpumpkin
balloon flown by NASA (a 521,500 m® pumpkin balloon with bulge
radius rz =0.835 m). For the rz and n, studies additional width
was not added.

Figure 3 contains a representation of the discretization of G .
The reference configuration displayed in Fig. 3 has beenrescaled to
illustrate the grid. We will assume that the complete pumpkin gore
is located symmetrically about the y = 0 plane in R*. By symmetry,
we need to model only the right half-gore. Let G denote initial con-
figuration of the pumpkin gore in R*. Because GY and the strained



BAGINSKI AND SCHUR 307

pumpkin gore are deformationsof a flat gore G r into a shapethathas
positive Gauss curvature, they are necessarily strained and possibly
wrinkled in certain regions.

Consistent with the design criteria for a pumpkin balloon, we as-
sume that the load tendon is 2.22% shorter than the length of the
gore edge L, (after tensioning). This means that each tendon seg-
ment identified with a gore edge segment in G must be stretched
initially by 2.22%. Thus, we are able to define the initial geometry of
the balloon film and tendon, includingthe structurallack of fit as de-
scribed by Schur.* We emphasize the initial pumpkin configuration
(with tendon/film mismatch) is prestrained and need not be in equi-
librium. GY is merely used as the starting shape, which is evolved
to the equilibrium shape. In our parametric studies involving €,, the
initial complete shape S° is taken to be a sphere of circumference
2L, with load tendons (initially of length L,) strained by 2.22% to
match the length of a meridian. For the rz and n, parametric studies
we use Gr as the initial starting configuration and G ¢ as the natural
unstrained shape, but additional material is not added to the gore
width and length.

III. Mathematical Model

The total potential energy of a balloon configuration &7 is the
sum of six terms:

gr=gp+g/'+gt+gtop+S1+S/ (5)

where Eop = WiopZiop 1 the energy of the top fitting. In the following
it will be useful at times to consider S as a faceted surface. In this
case 7 will denote a typical facet in S, correspondingto 7' € G .

A. Hydrostatic Pressure Potential

‘We follow the conventionsfor hydrostatic differential pressure P
presentedin Ref. 9, p. II-7, where — P (z) > 0 means that the inside
of the balloon is pushing outward at height z above the base of
the balloon. For a superpressure balloon — P (z) = bz 4 p,, where
b is the specific buoyancy, py >0, and p, > bz,,. For example,
the variation in differential pressure caused by a specific buoyancy
of b=0.0763 N/m> leads to a differential pressure variation that
is linear in z with —P(0) =135 Pa and — P (z,,p) = 142 Pa. In our
choice of coordinates, we generally assume that the base of the
balloonis fixed and correspondsto z =0 (see Fig. 1). The potential
for hydrostatic pressure P (z) is

5p=/P(Z)dV=—/(bZ+Po)dV (6)
12 12

where V is the region occupied by the gas bubble. Using the di-
vergence theorem and the symmetries of S, Eq. (6) can be written

as
L,
Ep = —n, =bz" + pyz |k - dS @)
ar \2

where d§S =N dS, N is the unit outward normal to S, and dS is the
surface area measureon S.

In a closed system where the volume is fixed and py is unknown,
we begin the evolution of an equilibrium shape with —P(z) = bz.
After calculatinga solution, the Lagrange multiplierassociated with
the volume constraint yields the appropriate constant pressure term
Do that is needed for equilibrium (see Ref. 7, p. 35).

B. Gravitational Potential Energy
The gravitational potential energy from the weight of the balloon
film is

5/-=/w/-sz 8)
S

where the film weight density is w, and dA is area measure in
the natural state. Cap weight can be incorporated by modifying w ,
appropriately.

Let I denote the right edge of a gore. The image of I" in the
deformed configurationis a curve parametrizedby 7(s) € R, where
s is arc length measured along the edge of the gore in its natural state.

A load tendon runs along the seam of the balloon from top endcapto
bottomendcap. The loadtendonlies along the curve parametrizedby
7. The gravitational potential energy caused by load tendon weight
is

L
& = ngw,/ T(s) -kds )
0

where w;, is the load tape weight density.

C. Balloon Film Strain Energy

We will use the film strain energy measure as defined in Ref. 5.
Details are provided here for the convenience of the reader. In
Chapter 7, Sec. 1, of Ref. 11, Ciarlet derives the two-dimensional
Koiter equationsfor a nonlinearelastic shell. Using this formulation
and ignoring the bending or flexural energy because the thickness
is so small, we can express the resulting film strain energy S, in the
form

S/-=ng/ W, dA (10)
QF

where
W, = %n Ty (1)

is the strain energy density function of the balloon film and Q2 de-
notes the parameter space for the flat reference configuration. See
Ref. 5 for further details as well as the discretizationused in numeri-
cal calculations.In Eq. (11) n representsthe second Piola—Kirchhoff
stress tensor, vy represents the Cauchy—Green strain tensor, and *“:”
is the tensor inner product. The contravariant components of n are
denoted by n®, the covariant components of -y are denoted by Yap>
andn:~y = ng y?. Assuming a linear elastic isotropic material, we
have

n = By, (12)
where E“#** is the tensor of elastic moduli, that is,

w _ _NME
2(1+v)

, 9 ,
|:a‘“aﬁ“+a°‘“am+l ! a"‘"awi| (13)

E is Young’s modulus, v is Poisson’s ratio, / is the shell thickness,

and
_ 1 0
[aaﬁ ] - 0 1

is the first fundamental form of the flat reference configuration.
Ultimately, we want to express the strain energy as a function
of the nodes of the triangular facets in S. We first define all of the
geometric and physical quantities for a typical facet. Let v, vy, v2
be the vertices of 7 and V,), V,, V, be the vertices of T. A constant
strain model can be defined in the following way: Let R be the linear
map that takes a standard triangle with sides i = (1,0), j=(0, 1)
toT € Gr,andlet D be the linearmap thattakes the standardtriangle
to 7 € Gr. The mappings R and D can be representedby 2 x 2 and
3 x 2 matrices, respectively’ The mappingp € T — ¢ € 7 is given
by ¢ = DR~!p is linear, and so the deformation gradienton 7 is

9
F=24_ pp

ap

The Cauchy strain is C=F"F, and the Cauchy-Green strain ()
isG= %(C —1I). Assuming an isotropic film and the linear stress-
strain relation in Eq. (12), the second Piola—Kirchhoff stress can be
written as

S = A[G + v Cof(G)"] (14)
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where A= Eh/(1 — v?) and the 2 x 2 cofactor matrix is

ajp dp Gy —dp

a1 dx; —dy  dp
G and S are symmetric, and by the spectral representationtheorem,
we have

G=61n1®n1 +62n2 ®n2 (15)

S=un n + p,n, n, (16)

where n; and n, are orthonormal vectors. The eigenvalues of S
(denoted by w; and p,) are the principal stress resultants, and the
eigenvaluesof G (denotedby §; and 8, ) are principalstrains. Because
we have assumed a linear and isotropic relationship between the
stress and strain, S and G have the same principle axes. The film
strain energy density on triangle 7" is given by

Wi(T)=15:G (17)

The energydensityin Eq. (17) canlead to states where j4; or i, are
negative,correspondingto a compression. However, the balloon film
cannot support such a compressionand will actually fold or wrinkle
instead. To tackle the problemof negativecompressivestressesin the
solution, we follow the methods introduced by Pipkin.® In Pipkin’s
approach a membrane M is decomposed into three distinct regions:
S, slackregion (where the Cauchy—Green strains are both negative,
i.e., 8; <0, 8, <0); T, tense region (where both principal stress
resultants are positive,i.e., £ > 0, i, > 0); and U, wrinkled region
(U=M\S UT). We apply the preceding classification scheme to
each7 € Gp.

On S the strain energy is assumed to be zero, and on T the relaxed
strainenergy densityis exactly the same as the standardstrain energy
density. On the region U we use a modified Cauchy—Green strain
G* thatis defined as follows. If G is the usual Cauchy-Green strain,
then

G'=G+pn®n (18)
where n is anunknown principalstressdirectionbased on G*. Pipkin
refersto —B?n ® n as the wrinkling strainand G* as the elasticstrain.

The elasticstrain is thoughtto represent the strainingin an averaged
wrinkled surface and leads to uniaxial stress on U in the form

S'=utt (19)
where ¢ > 0 and ¢ is a unit vector orthogonal to n. For our exposi-
tion we assume that ¢ is the tensile direction and z is a unit vector

orthogonal to ¢. The parameter 2 and n are chosen in such a way
that the following conditions are satisfied:

n-Sn=0 (20)
n-St=0 (21)
For an isotropic material S* can be written in the form
S* =S+ 18’ n®n+2vCof(n®@n)7]
It follows that for an isotropic material®
B*=—(/\)n-Sn (22)

If W, (G) is the standard strain energy density function, the relaxed
strain energy density is W,(G*), where G* uses g* from Eq. (22)
and ¢ is the principal direction that correspondsto a positive princi-
pal strain. Wrinkling is modeled by replacing the standard energy

density W by its relaxation W}. Because W} is constant on each
T, we have

W)

0, <0 and 6§, <0

1

EhE(S%, w1 <0 and 8, >0

1
EI’ZE(SIZ, 12%) < 0 and 61 > 0

hE
2(1 —v?)

(82 +682+2v8,8), =0 and 1, 20
(23)

The membrane energy of a wrinkled balloon is given by
St = / WidA (24)
Q

The contribution caused by caps can be modeled by modifying £
and E appropriately.

D. Strain Energy of Tendons
Let 5 denote arc length measured along the edge of I' [i.e.,
ds/ds = |7'(s)|]. We define the strain in the tendon as

e=3llr®P -1

We assume that a segment in a load tendon behaves like a linearly
elastic string with stiffness constant K,. The strain energy density
of a tendon is denoted by

W, (e) = 1K€’

The convexification of the strain energy density for the load tendon
is given by

W, (e), €>¢

Wie) = {0, € <€

Load tendon slackness and tendon shortening are controlled by the
parameter ¢,. If the tendon length matches the gore edge length and
there is no slackness in the tendon, then ¢, = 0. In Sec. V, tendon
slackness of 2.99% in cases C1 and C4 are modeled by setting
€, =0.0299, whereas tendon shortening of 2.22% in cases C3 and
C6 are modeled by setting €, = —0.0222. The total relaxed strain
energy of the load tendons is

Sr=n, / W*(e) ds (25)
r

IV. Variational Principle
The discrete form of the total energy of S with relaxed strain
energies is denoted by £7(S) and is obtained using Egs. (7-9), (24),
and (25) in Eq. (5).
Using the divergence theorem, the volume of the balloon S can
be expressed as

V(8)=/ 1dV=/zk-dS (26)
v S
The volume constraintis in the form

V(S) = wy 27

where wy is the target volume. We are led to the following variational
principle for computing an equilibrium shape:

Problem
Minimize:
&1 (S)
For § € C,,,
Subject to:
GS) =0
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where the first component of G =0 is defined by the equality con-
straint (27) (when a closed system is modeled) and the remaining
componentsfollow from the symmetry conditionthat the gore seams
lie in the plane y = =+ tan(rr /n,)x. C,,g denotes the class of balloon
shapes with dihedral symmetry D,, (see Ref. 5). For a closed sys-
tem P(z) = —bz, and p, is obtained from the Lagrange multiplier
associated with the volume constraint. When an open system is
modeled, we assume P (0) = — p, is known. In this case the volume
constraintis removed from G and the differential pressure is in the
form P (z) = —bz — py. A solution of Problem * is called an energy-
minimizing shape. MATLAB® software (fmincon) is used to solve
a discretization of Problem x.

V. Numerical Results

In this section we present results of our parametric studies on
pumpkin balloons. Parametric Study A varies n,, Study B varies
rg, and Study C varies ¢€,. To demonstrate the effectiveness of the
pumpkin design, we include a comparison of a pumpkin balloon
with a superpressure natural shape balloon as a part of Study C.
In tables and plots we present principal stresses (i.e., 6/ = [1;/h,
where £ is the thickness and p; is a principal stress resultant). The
notationo; = o; (s) indicatesthis valueis an average of the principal
stress of adjacent triangles in a strip that is located s meters from
the bottom of the gore.

A. Parametric Study A with Varying n,

In Table 2 we fix rp = 0.90 and ¢, = —0.0222 and compute pump-
kin designs with n, =220, 290, and 400. We solved Problem » for
each design and recorded the maximum principal stresses. As the
number of gores increases, we note from Table 2 that the total weight
of the balloonincreases. A balloon with 400 gores is about 7% heav-
ier than one with 220 gores. However, the maximum film stress in
a balloon with 400 gores is 56% less than the maximum film stress
in a balloon with 220 gores. Although it is clear from Table 3 that
increasing the number of gores reduces the maximum film stresses,
the corresponding 7% weight increase is significant. In addition,
there can be manufacturing difficulties with building gores that are
very narrow near the ends. In practice, the balloon designer must
reach a compromise between factors such as film weight and film
strength when choosing a particular design.

B. Parametric Study B with Varying rg

In Table 4 we fix n, =290 and ¢, = —0.0222 and vary r3 between
0.66 and 1.20. If R* is the maximum radius of the tendon and n, is
the number of gores, then rp must be chosen so that

rg = R*sin(/n,)

Table 2 Parametric Study A: Vary n, with rg =0.90,
€:=—0.0222,and py =170

Variable ng =220 ng =290 ng =400
Ly, m 152.771 153.95 152.77
L,,m 154.54 156.246 154.54
6o 89.14 89.17 89.19
H,m 70.78 71.18 72.07
dmax, M 117.48 118.50 120.14
vV, m? 584,992 599,962 625,006
A, m? 40,387 38,148 37,937
Lift, N 50,906 52,209 54,388
Weap. N 4,239 4,064 3,981
W,,N 4,380 5,837 8,173
Wekin, N 13,893 13,123 13,050

Table3 Maximum principal stresses in Parametric
Study A: Vary n, withrg =0.90 and ¢, = —0.0222

Stress ng =220 ng =290 ng =400
Max o, MPa 476 1.52 0.00
Max o,, MPa 10.15 5.89 4.45

Table4 Parametric Study B: Vary rg with n, =290,
€=—0.0222,and py =170

Variable SPNS rp=0.66 rg=0.78 rp=090 rp=1.20
Ly, m 155.26 157.174 154.87 153.95 155.7
L,,m 155.26 158.294 156.7 156.24 156.14
0(s=0),deg  89.19 89.17 89.17 89.17 89.17
H,m 72.17 72.8 71.7 71.18 70.26
dimax, M 119.22 120.77 119.20 118.50 117.45
vV, m? 584,742 627,343 606,839 599,962 593,350
A, m? 35,153 44,256 39,652 38,148 36,672
Lift, N 50,884 54,591 52,807 52,209 51,633
Weap, N 378 4,267 4,125 4,064 4,018
W, N 5,800 5,914 5,857 5,837 5,820
Wkin, N 12,092 15,224 13,640 13,124 12,615

Table 5 Maximum principal stresses in Parametric Study B:
Vary rp with n; =290 and ¢, = —0.0222

B1 B2 B3 B4
Stress rg=0.66 rg=0.78 rp=090 rp=1.20
Max o1, MPa 1.89 1.58 1.52 1.68
Max 02, MPa 7.53 6.13 5.87 7.29
/////—7 7;‘\\\\ — = &%—profite
90 L — Natural-shape profile
. —— Pumpkin profile
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Fig. 4 Balloon profiles: - - -, S, sphere of circumference 2L;; —,
strained standard natural shape; and --—, strained pumpkin shape.

For case B we determined the minimum 7 to be about 0.60 m. If
smaller values of rp are used, the corresponding circular arc will
not be able to span adjacent load tendons. We solved Problem * for
each design presented in Table 4 and recorded the results. For the
cases consideredhere, we found that the minimum of the maximum
principal stresses for cases B1, B2, B3, and B4 occurredin case B3
with rp3 =0.90 (Table 5). In the ¢, studies the maximum principal
stresses are smaller, but the buoyancy and p, are lower, and extra
length and width were added to the gores.

C. Parametric Study C with Varying ¢,

‘We consider the following six cases: (C1) standard natural-shape
balloon with 2.99% tendon slackness; (C2) standard natural-shape
balloon with tendon/gore seam match; (C3) standard natural-shape
balloon with 2.22% effective tendon shortening; (C4) pumpkin bal-
loon, rp = 0.835, and 2.99% tendon slackness; (C5) pumpkin bal-
loon, rp = 0.835, and tendon/gore seam match; and (C6) pumpkin
balloon,rp = 0.835,and 2.22% effectivetendon shortening. Table 6
presents a summary of the numericalresults related to cases C1-C6.

To illustrate the robustnessof our approach, we used a sphere with
a circumferenceequal to 2L as the initial configuration S° (Fig. 4).
Figure4 includesprofiles of the strained superpressurenatural-shape
balloon (C3) and strained pumpkin-shape balloon (C6). There were
no convergence problems when computing a numerical solution
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Table 6 Parametric Study C: Vary ¢, with rg =0.78 and n, =290; comparison of superpressure natural
shape and pumpkin balloon

Standard natural shape Pumpkin shape

Variable Case C1 Case C2 Case C3 Case C4 Case C5 Case C6
Tendon slackness ¢, 0.0299 0.0 —0.0222 0.0299 0.0 —0.0222
Height, m 79.95 71.87 69.07 73.853 71.10 69.39
Diameter, m 113.83 114.17 112.58 119.86 116.81 114.344
Max §;, m/m 0.0338 0.0065 0.000 0.000 0.00 0.0000
Max §,, m/m 0.0358 0.0095 0.0128 0.0443 0.019 0.0097
Max &1, MPa 78 15.34 0.00 28 391 0.00
Max &,, MPa 78 15.42 5.25 40 10.10 4.25
Tendon tension range, kN (2.0,3.0) (5.2,4.3) (4.6,4.7) (4.05,5.10) 4.7,5.0) (4.8,4.9)
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Fig. 5 Parametric Study C averaged principal stresses of natural and pumpkin shapes.

of Problem . The pumpkin balloon is designed with the aim of
reducing the film stresses by transferring most of the load into the
tendons. Table 6 indicates the strained pumpkin balloon is doing
exactly that.

In Fig. 5a we present plots of the averaged principal stress in
a strained superpressure natural-shaped balloon (SPNS). The av-
eraged principal stress in the film at a distance s from the bot-
tom gore is denoted by o(s). Three scenarios are considered:
€, =—0.0222, 0.00, 0.0299, corresponding to the cases of tendon
shorteningby 2.22%, 0% tendon slackness,and 2.99% tendonsslack-

ness, respectively. Similarly, Fig. 5c¢ plots the averaged principal
stress 0, (s). Roughly speaking, ;(s) corresponds to the merid-
ional direction, and o, (s) corresponds to the circumferential direc-
tion. Figure 5b contains a plot of the averaged principal stress o7 (s)
for the pumpkin balloon. Figure 5d contains a plot of the averaged
principal stress o, (s) for the pumpkin balloon.

The data in Table 6 and the plots in Fig. 5 clearly demonstrate
that film strengthrequirements are reduced by increasing the tendon
stiffness, and tendon stiffness is increased by foreshortening the
tendons.
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The plots in Fig. 5 also illustrate that the shape of the pumpkin
gore is more efficient than the standard natural-shape gore. Even
with slack tendons, the maximum principal stresses in a pumpkin
gore are roughly one-half the corresponding values in the natural-
shape gore. For designs with gores that are in the unstrained state
developable surfaces and for designs with gores that are bulged
and wrinkled in the unstrained state, the unpublished detailed data
for the parametric study presented in Ref. 4 show stress humps
towards the gore ends similar to whatis seen in Fig. 5. These humps
diminish with increased tendon stiffness or tendon shortening as
shown in Figs. 5b and 5d. In these designs a constant stress level
is approached with very high tendon stiffness or with equivalent
tendon shortening. For the designs analyzed in cases C3 and C6,
Figs. 5a and 5b show that enough excess gore length relative to the
tendon length is provided to guarantee meridional slackness of the
entire gore under full load.

VI. Conclusions

The variational formulationin conjunction with optimizationas a
solution process offers definite advantagesin certain situations over
an implicit solution process in a finite element analysis of a mem-
brane structure. A typical finite element method approach using an
implicit solution process runs into difficulties when the stiffness
matrix is noninvertible. Moreover, if numerous load increments are
needed to reach the desired equilibrium state the computation time
could be long. The optimization approach circumvents these dif-
ficulties by directly seeking a minimum unencumbered by the in-
definiteness of unstable intermediate configurationsin the evolution
of the solution. The formulation exhibited here allows the modeling
of wrinkled membranes (including the initial membrane state), and
it allows the modeling of structural lack of fit between the gore and
load tendon.

The analyses of the balloon designs in Parametric Studies C1-
C6 demonstrate that designs in which tendons are shortened rel-
ative to the gore seam along which they track are superior to
designs with slack tendons as are used in current zero-pressure
balloons. In addition, they also demonstrate that further significant
improvement is obtained by supplying excess gore width and gore

length to promote circular arc bulging between tendons in the ab-
sence of meridional stresses in the gore. It is important to keep in
mind that our methods are not dependent on the pumpkin balloon.
The results on the pumpkin balloon that are presented here suggest
the possibility of similar success if our methods are applied to more
general pneumatic envelopes.

Acknowledgments

The first author was supported in part by NASA Grant NAGS5-
5292. We are grateful to the referees for their helpful comments.

References

1Smalley, J. H., “Development of the e-Balloon,” National Center for
Atmospheric Research, AFCRL-70-0543, Boulder, CO, June 1970.

2Rougeron, M., “Up to Date CNES Balloon Study,” Proceedings of the
10th Scientific Balloon Symposium, AFGL-TR-79-0053, Portsmouth, NH,
Aug. 1978.

3Yajima, N., “A New Design and Fabrication Approach for Pressurized
Balloon,” Advances in Space Research, Vol.26,No. 9,2000, pp. 1357-1360.

4Schur, W. W., “Analysis of Load Tape Constrained Pneumatic En-
velopes,” AIAA Paper 99-1526, April 1999.

5Baginski, F., and Collier, W., “Modeling the Shapes of Constrained Par-
tially Inflated High-Altitude Balloons,” AIAA Journal, Vol. 39, No. 9, 2001,
pp- 1662-1672; “Errata,” AIAA Journal, Vol. 40, No. 6, 2002, p. 1253.

6Baginski, F, and Brakke, K. A., “Modeling Ascent Configurations of
Strained High-Altitude Balloons,” AIAA Journal, Vol. 36, No. 10, 1998,
pp- 1901-1910.

7Collier, W., “Applications of Variational Principles to Modeling a Par-
tially Inflated Scientific Research Balloon,” Ph.D. Dissertation, Dept. of
Mathematics, George Washington Univ., Washington, DC, Jan. 2000.

8Pipkin, A. C., “Relaxed Energy Densities for Large Deformations of
Membranes,” Journal of Applied Mathematics, Vol. 52, 1994, pp. 297-308.

9Morris, A. L. (ed.), “Scientific Ballooning Handbook,” National Center
for Atmospheric Research, NCAR-TN-99, Boulder, CO, May 1975.

1%do Carmo, M. P., Differential Geometry of Curves and Surfaces,
Prentice—Hall, Upper Saddle River, NJ, 1976, p. 89.

Uciarlet, P. G., Mathematical Elasticity Volume III: Theory of Shells,
North-Holland, New York, 2000, pp. 335-344.

A. Messac
Associate Editor



